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This paper is concerned with the effect on the bulk motion of applying torque
by external means to the particles of a suspension. Our investigation is based
upon theoretical consideration of the motion of a dilute suspension of per-
manently magnetized spheroids, in the presence of a uniform magnetic field,
for cases in which the motion of a Newtonian fluid would be uni-directional. For
convenience, we have divided the work into two parts: in the first, the particles
are assumed to be perfectly spherical and the magnetic field strength to be
arbitrary; in the second, the particles are taken as arbitrary spheroids (with their
magnetic dipole axis coincident with the axis of revolution), but the magnetic
field is assumed to be strong enough to ensure that the magnetic dipole axis of
each particle is effectively aligned with the field vector H. We concentrate
attention on the development of general criteria which allow an a priori deter-
mination as to whether the bulk motion remains uni-directional in the presence
of particle couples, and (when the motion is uni-directional) whether the resultant
velocity profile has the same form as for a Newtonian fluid. In addition, we
evaluate the effective viscosity of the suspension for several representative cases
in which the velocity field is Newtonian in form. Finally, as an example of the
general situation in which the bulk velocity field does not remain uni-directional,
we obtain the solution for the motion through a circular tube when the magnetic
particles are spherical and the magnetic field is applied at right angles to the tube
axis.

1. Introduction

In recent years, considerable effort has been directed toward the theoretical
determination of the macroscopic, rheological properties of particulate suspen-
sions from a consideration of the interactions, on the microscopic scale, between
the suspending fluid and the individual particles when the suspension is under-
going a given bulk motion. When the suspension is dilute, the suspending fluid
Newtonian, the particles rigid spheres, and the particle Reynolds number suffi-
ciently small, the suspension can be described in bulk as a Newtonian fluid with
an effective viscosity u* = u(1+35¢) provided only that the particles are not
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subjected to an externally applied force or couple (cf. Einstein 1906, 1911;
Batchelor 1967). For the more general case where the particles are non-spherical,
or are subjected to an externally applied couple, the non-isotropic, microscopic
structure of the suspension usually results in a non-Newtonian form for the bulk
stress tensor (Batchelor 1970). The supposition of Newtonian behaviour, with
the effect of fluid-particle interactions limited to modifications of the effective
viscosity, is inadequate for the general rigid-particle suspension. It is the purpose
of the present communication to investigate, for a particular class of flows, the
dynamical consequences of the non-Newtonian form for the bulk stress which
arises due to the action of an externally applied couple when the particles are
spheroidal in shape.

There are, of course, several physical mechanisms for applying a torque to the
particles of a suspension. Of these, Brenner (1970) has recently discussed the
creeping motion of a suspension of neutrally buoyant, ‘loaded’ spheres (i.e.
spheres whose centres of mass and volume are not coincident) in the presence of
a gravitational field. In our work, which paralleled that of Brenner (1970), we
employ Batchelor’s (1970) expression for the bulk stress to deal with the similar
problem of the motion of a dilute suspension of permanently magnetized
spheroids in the presence of a uniform applied magnetic field. We limit our
investigation to cases in which the motion of a Newtonian fluid would be
uni-directional. A third possible mode for applying torque to suspension particles,
which has not yet been fully investigated, involves the action of an electric (or
magnetic) field on dielectric (or magnetizable) particles. The physical mechanism
differs from that of the present paper in that the particle dipole is induced rather
than permanent. This additional interaction with the external field causes the
motion of the individual particles of the suspension to be different from that
which occurs when the dipole is permanent.

After presenting the relevant rheological and dynamical equations applicable
to spheroidal particles of arbitrary aspect ratio, we consider the bulk motion for
two particular cases. In the first, the particles are assumed to be perfectly
spherical and the field strength to be essentially arbitrary. Here we employ Hall
& Busenberg (1969) in discussing the motion of the individual particles. In the
second case, the particles are taken as arbitrary spheroids, but the magnetic field
is assumed to be sufficiently strong to ensure that the magnetic dipole axis of
each particle is effectively aligned with the field vector H. This division of the
problem is largely a matter of convenience, which is motivated by the extremely
complicated nature of the bulk rheological equation in the case of general
spheroids (Batchelor 1970). First of all, the couple gives rise to both a symmetric
and a non-symmetric contribution to the bulk stress. Even in the absence of any
applied couples, however, the bulk stress remains non-Newtonian in form when
the particles are spheroidal (though it is then symmetric). On the other hand,
when the particles are spherical, the effect of an externally applied couple is
confined to the generation of an anti-symmetric contribution to the bulk stress.
Separate consideration of the spherical case thus allows a qualitative estimation
of the role of the non-symmetric portion of the bulk stress in determining the
nature of the bulk motion of a suspension in which external particle couples are
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present. The subsequent consideration of the case of general spheroidal particles
then allows a limited, though representative, assessment of the effect of particle
shape. Fortunately, the form of the anti-symmetric contribution to the bulk
stress is unchanged in generalizing to the case of spheroids, so that any corre-
sponding changes in the fundamental character of the bulk velocity fields can
be wholly ascribed to the resultant non-Newtonian nature of the symmetric
contributions to the bulk stress.

Although some of our results in the spherical case are similar to those of
Brenner (1970), the present work concentrates on situations in which the motion
of a Newtonian fluid would be uni-directional, and, in particular, presents a more
detailed account of the general properties of the resulting flow fields. In so doing,
it represents a necessary preliminary to the rheologically more complicated case
of a suspension of spheroidal particles. The basic solution procedures we have
used, though developed independently, bear a very close resemblance to those
employed by Brenner (1970). In order to avoid undue repetition, we have abbrevi-
ated considerably the preliminary parts of the paper that had been prepared
shortly before Brenner’s work was published.

2. The expression for the bulk stress

We consider a suspension of permanently magnetized, rigid spheroids in an
incompressible Newtonian fluid. We suppose that the suspended particles are
close enough so that, for purposes of calculating the bulk motion, the suspension
may be considered as a homogeneous fluid, and, in addition, sufficiently small
that the effects of gravity and inertia may be neglected relative to viseous forces
in the flow near one particle. However, the particles are assumed to be large
enough for random rotations due to Brownian motion to be negligible, and to be
sufficiently far apart for both hydrodynamic and magnetic dipole interactions
between the particles to also be neglected. The magnetic dipole moment of the
spheroids M is assumed to be fixed and the dipole axis (M/M) to be coincident
with the axis of revolution of the particles.t Furthermore, we suppose that the
suspension is sufficiently dilute that the induced magnetic field can be neglected
compared to the applied field. In order to avoid magnetic body forces on the
particles, the applied magnetic field is assumed to be uniform (i.e. H = const.).

Batchelor (1970) gave the general form of the bulk stress for a suspension of
spheroids with the properties described above when the particles are subjected
to external body couples. Thus,

0 = — 8y +2uey + 07y, (1)
where

O = T {72 (D25~ 50:;) P P18+ €15 — Di P, — P Prins
I
+ (i 2;+ 30:) Pr Drew + 7: (DiPrex+P;Preix— 20, D;Pi Dy ekl)}

3c a? —b? a?— b2
+WLI¢ €ijk+ka(ripj+rjpi) _mrk(piqj'*'qui) ) (2)

1 Subsequently, we shall employ m to denote M/M.
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_ 16kp (ab¥(a®+b%) p, p; ab?(a® + b2)* ©)
and Li = 3 {(a2+b2) J2+a21’2+ (a2+b2)2J2+2a2b212 (8.,;]'_pipj) P} ’ (3)
'Y =T, -T§, (4)
o _ ©=b?
e = m(qukri_pkqi 7)€y (5)

The vectors p, q, r are orthogonal unit vectors, with p parallel to the axis of
revolution of the spheroid. The semi-diameters of the spheroid, measured
parallel and perpendicular to the axis of revolution, have been denoted by
@ and b, respectively. The non-dimensional integral functions I,, J; depend only
on the shape of the spheroid, and are defined in Batchelor (1970).

In the above equations, p is the bulk pressure, e the bulk rate-of-strain tensor,
¢ the volume concentration of spheroids in the suspension and g the viscosity of
the suspending (ambient) fluid. Also, L is the external torque applied to the
particles, which gives rise to a rotation of the particle relative to the surrounding
fluid with angular velocity I'®. In addition, when the particles are not spherical,
the pure straining portion of the motion of the ambient fluid causes an additional
relative rotation of the particle with angular velocity I*®. A full description of the
origin and physical significance of the various contributions to the ‘particle
stress’ o; may be found in Batchelor’s (1970) paper. For the present purposes, it
will suffice to emphasize the distinctly non-Newtonian nature of the bulk stress.
This is particularly evident in the contribution which arises from the external
couple, since it consists, in part, of an anti-symmetric term. However, for general
spheroids, even the symmetric contributions to the bulk stress are non-Newtonian
in form, the coefficient relating the stress to the bulk rate of strain, for example,
being essentially a fourth-order tensor. It is of fundamental interest to determine
the dynamical consequences of this non-Newtonian character of the bulk stress.
In this paper we therefore consider the relatively simple, though representative,
example of the steady motion of the suspension (described by (1)-(5)) for cases
in which the motion of a Newtonian fluid would be uni-directional.

3. The equations for flow in a straight tube of constant cross-section
We begin with the usual equations of steady motion, and use the relations
(1)~(3): p(1.V)u = — Vp+ uV?u+ V.0 +0(c?), (64)
V.u=0. (6b)

We note that V.a’ is of O(c). Asindicated in (6 @), these equations are only valid
to O(c), where ¢ <€ 1, since particle-particle interactions were neglected in the
derivation of the constitutive relation equation (2). Hence, in seeking a solution
for the bulk motion in a given situation, we employ the expansions,

u = u®4cu®4 0(c?),
P = Po+cpy+0(c?), (7

1
EO" = c'(°)+cc'(1)+ 0(02).
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Since the lowest-order approximation to the particle stress is O(c), it is clear, in
view of the accuracy of (6 a), that only ¢’® will enter into the analysis. Formally,
o' is obtained from (2) to (5) by employing the dynamical variablese;, L;, »; and
I';, evaluated using the O(1) velocity field u®. Throughout the remainder of this
paper, we shall assume that the undisturbed velocity field corresponds to the
uni-directional, fully developed flow of a Newtonian fluid through a straight
cylindrical tube, and hence that u® (and thus ¢'® also) is a known function
satisfying uV3® = const., V.u® = 0.

Therefore, we consider here only the determination of the O(c) modification
which results from the presence of the particles, i.e. u® and p,. The general
equations governing the O(c) velocity and pressure fields for fully developed
flow in a tube are simply

(u®.V)u® = _Vp, + uV2u® + V. o'©® 8a
P
V.u® = 0. (Sb)

The term (u®.V)u®, which would generally appear in (8a), is identically zero
here as a result of the assumption that the velocity field is fully developed, i.e.
that u (= v+ cu®+ ...) is independent of position along the direction of the
tube axis. A further consequence of this assumption is that the components of
(8a), governing motion in the plane normal to the direction of the undisturbed
flow, are uncoupled from the equation governing the velocity component parallel
to u®.1 Combined with their linearity in u®, this uncoupling renders the solution
of (8 a,b) particularly simple in principle. Indeed, if we denote the O(1) and O(c)
velocity components in the direction of the undisturbed motion as w, and w,,
respectively, and define the ordinary stream function ¢ based on the velocity
components in the plane normal to u®, (8a,b) can be expressed simply as

Vi = i.[Vx (V.a'®)], (9a)
UV, = i.[Vp, +p(u®.V)u® _V.g'®], (95)

Here ¢ denotes the unit vector in the direction of the undisturbed velocity u®.
These equations are to be solved subject to the usual no-slip condition at solid
surfaces of the flow vessel, uWW—0 on . (90)
In the form (9 a—c), it is evidently possible that the resultant velocity field may
be neither uni-directional, nor have a Newtonian form for the streamwise profile
(i.e. wy+ cw;). We note from (8a), however, that

Vx(V.a'D) =0 (10)

is both a necessary and a sufficient condition for the form of the velocity field to
be unchanged (to O(c)) from that which would occur with a Newtonian fluid.

1 We note, in passing, that the assumption of fully developed, uni-directional un-
disturbed flow also leads to considerable simplification in the term V.o’ ‘@ which we will
discuss at a later stage of the paper.
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Provided that the velocity field is fully developed, it can be shown (as is obvious
from 9a,b) that an entirely equivalent set of conditions is

t.[Vx(V.a'®] =0, (11a)
1.[V.a'®] = const. (11b)

If (11 @) is satisfied, then there will be no motion in the plane normal to u®. If,
in addition, (11b) is satisfied, then the resultant uni-directional velocity field
will have a profile which is completely indistinguishable from that of a Newtonian
fluid with an effective viscosity,

i.[V.e'®

(o )
Hence, under the rather special circumstances in which both of (11a,b) (or
equivalently (10)) are met, it is sufficient, so far as the velocity field is concerned,
to consider the rheological effects of the particle shape and external couples
solely in terms of variations of the effective viscosity. In view of (9, b), however,
the concept of Newtonian behaviour with a modified effective viscosity is
insufficient in the general case, even for a determination of the bulk velocity field.

In §§4-6 we consider the application of the general equations of §3 to the
special cases of (i) spherical particles with magnetic fields of arbitrary strength,
and (ii) general spheroidal particles in the strong-field limit. Rather than simply
solve (9a—c) for a variety of vessel geometries, as is possible, we concentrate
attention on the development of general criteria applicable to the whole class of

problems, which will allow an a priori assessment of the nature of the motion
that will occur in any particular case.

4. General results for spherical particles

A considerable simplification occurs in the equations of § 3 when the particles
are assumed to be spherical. In particular, (1)—(5) reduce to

Oy = —POi;+ 2u(1 +3c) €55+ 3pce; . Ty, (13)

so that the O(c) equations of motion (9a,b) become
Vi = 1. [V x (Vx TO)], (14a)
uV2w, = i .[Vp, +p(u®. V) u® - £4V2u® — 3,V x TO]. (14b)

T denotes the angular velocity of the spherical particles relative to the O(1)
velocity field (i.e. relative to % curl u®). Brenner (1970) evaluated T'® in terms
of the undisturbed flow field and the particle dipole vector. For the case of
permanently magnetized spheres in a magnetic field, his expression becomes

TO = — 100+ {10®. m}m, (15)

where M is the magnetization vector (M = |M| = dipole strength) and
w® = curlu®. The validity of this expression depends crucially on the fact
(established by Hall & Busenberg 1969) that m is fixed in space. These authors
employed the standard Poincare-Bendixson theory to show that the solution
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of the equations for the creeping motion of an individual magnetic sphere,
immersed in a simple shear flow in the presence of a uniform external field, has
a globally stable stationary point corresponding to free rotation of the particle
about its magnetic dipole axis, which assumes a fized orientation relative to the
magnetic field veotor H and the undisturbed vorticity vector w©. This fixed
orientation is defined by

©© ) ( ®® x H) % (© . . w@xH
m = cos ¢g (—J@) +sin ¢ g cos Og I:!(w(o) < H)x w(")l] +sin ¢ sin Og [_lw(o) X Hl] ’

(16)

wxH

Figure 1. The intrinsic co-ordinate system employed by Hall & Busenberg (1969).

where sin? gg = $(1+47%) — [H(1 + 4% — f~2sin?y 1]}, (174)
sin 0y == fescysin dg, (17d)

together with the additional requirements that ¢ and vy lie in the same quadrant
and 0 < 05 < $m. Here v is the angle between H and @ and the parameter £ is

defined as Amuad®

P ==cum (18)
in which a is the particle radius and « is the magnetic permeability of the
suspending fluid. As shown in figure 1, ¢5 and 85 are the polar angles in an
intrinsie co-ordinate system defined relative to the vectors w® and H. An
exceptional case, discussed by Brenner (1970), for which this stationary point is
not stable, occurs when y = {7 and f > 1. In what follows, we assume that if
v = 3m, then £ < 1; otherwise we do not restrict the magnetic field strength. The
equations (14)-(18) are sufficient, in principle, to determine the O(c) modification
of the bulk velocity field in the suspension, given the details of H and the geometry
of the low region (hence u®@). It is worth noting that a considerable simplification
occurs in the strong-field limit where £ 0, since then M and H are effectively

26 FLM 46
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parallel, and (16)—(18) become superfluous; the paruicies simply rotate about the
H axis.

Brenner (1970) noted the important conclusion (which at first seems sur-
prising, in view of the distinctly non-Newtonian form of the stress tensor (13)),

that, when V x (VxT©) = 0, (19)

the velocity field (to O(c)) will be indistinguishable from that for a Newtonian
fluid. This condition (19) is, of course, a special case (for spherical particles) of
thegeneral condition (10) which we noted previously,and is applicable to arbitrary
undisturbed velocity fields. Nevertheless, we consider the alternative and entirely
equivalent set of conditions corresponding to (11 a,b), which have the following
two obvious advantages for application to cases in which the undisturbed
motion is uni-directional. First, it is important to be able to predict whether
secondary motion occurs (regardless of the form of the ‘ uni-directional’ velocity
component). This follows from the fact that the actual computation of i can be
extremely tedious, owing to the often complicated form of the right-hand side
of (14 a), coupled with the observation that, in general, this solution is a necessary
prerequisite for the determination of w,, which is the quantity of primary interest
since it is directly related to such important properties as the volume flow-rate.
Secondly, the condition (11 b) is of a form which, when satisfied, allows immediate
determination of the effective viscosity of the suspension. In addition to these
inherent advantages, we expand the relevant vector equations to obtain condi-
tions expressed wholly in terms of the properties of the applied field H and the
undisturbed velocity field u(®.

4.1. The existence of secondary flow
From (11a) and (13), the condition that no secondary motion should occur is

simply i. [V x (VxTO)] = 0. (20a)

This expression is the only non-homogeneous source term for the vorticity com-
ponent 7. w®, which must itself be non-zero in general, for secondary motion to
occur. On employing the definition of I'®, equation (15), the condition (20a) can
be expressed as

i.[$3V20®@ + V[V . {(}0?. m) m}] - V¥{(}0®.m)m}] = 0.
Since the undisturbed uni-directional motion has been assumed to be fully
developed, and since ¢.w® = 0, this simplifies to
1. [VH{}iw®. m}m] = 0. (200)

Taken in conjunetion with the expression (16) for m, this condition is still quite
complex. In two important particular cases, however, no secondary motion
will oceur. First, if the applied field H is aligned parallel to the uni-directional
undisturbed motion, then y = 17, and, provided £ < 1 so that (16) is valid,

w® m =0,

Since (200) is linear in w®.m, it is clear that no secondary motion can occur in
this case. The second class of problems, where (2056) is satisfied, occurs, for
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arbitrary geometry of the flow region and direction of the magnetic field, in the
strong-field limit # = 0, where m and H are effectively parallel. Provided that
H is uniform, as assumed, (205) reduces to

z[g (IEJ'VZw(O))] =0 (20¢)

as f— 0. Since VZw©® = 0 for arbitrary (undisturbed) uni-directional flows, we
conclude that, provided the magnetic field is strong enough to align the particle
dipoles with H, there can be no secondary flow. In a magnetic suspension con-
sisting of single domain ferromagnetic particles of cobalt in toluene, McTague
(1969) has estimated that this strong field condition is satisfied for values of H
larger than about 1000 Gauss, a moderate value.

4.2. The form of the velocity profile for cases of no secondary motion

The determination of the form of the velocity component w, (14 5) is complicated
in the general case by the coupling of the inertial terms with the secondary
velocity field. When no secondary motion occurs, however, the condition (11b) is
sufficient for the modified velocity profile to have the same form as would occur
for a Newtonian fluid. When the particles are spherical, this condition can be

simply expressed as i.[3uV x TO] = Kuf(a, 8). (2la)

Here we have employed K to denote the constant <. V2u®. As shown in figure 2,
the angles & and ¢ define the orientation of the magnetic field relative to the
undisturbed uni-directional velocity, u®. When (21) (as well as (20)) is satisfied,
the velocity and pressure fields can, as stated previously, be calculated by
treating the suspension as a Newtonian fluid with an effective viscosity (see

(12)) of #* = p(L+§e+f(@, 8)e). (22)
It is clear from (21) and (22) that x#* depends not only on the orientation of the
magnetic field H but also on the form of the undisturbed velocity profile, and
hence on the geometry of the flow vessel.

The condition (21) is trivially satisfied with f(x, §) = 3 when H is parallel tou®,
since I'® = — 1w®© for all £ (0 < § < 1). Hence, as noted by Brenner (1970), the
modified velocity field will be of the same form as that of a Newtonian fluid with
viscosity u* = p(1+ 4c). We note that the effective viscosity in this case has the
unusual property of being completely independent of the vessel geometry (u®).

In the strong-field case, where f is effectively zero, the condition (21) becomes

7. [g—,u (Vzu(o).g) fHI_l_ $u {V x (éw(o) P IEJ)} P g] = Kuf(a,d), (21b)

provided H is uniform. In order to obtain explicit requirements on the form of
the undisturbed flow which satisfies this condition, it is convenient to employ the
Cartesian co-ordinate system we have already defined in figure 2. The direction

of undisturbed motion is taken parallel to i;, with the i,, i, axes being arbitrary,
except for the requirement that (i,,i,,i;) be orthogonal. We take

0O = 40(z;, z,)1,

26-2
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wO® = curlu® = W (x,, z,) i; + V(2,, T,) 1,
and let H = H(sinaiy + cos a cos 6, + cos asin 8i,).

With these conventions it is easily shown that (215) becomes

0w w0l
ox, 3:02)

$uKsin?a+ $ucos?o [sin dcosd (

dwd®

+('233‘”—1(°) 25 = w0, d)K. (21
sin oz, —cos axl)]:,uf(ac,) . (21¢)

The first-term on the left-hand side clearly contributes a ‘ Newtonian’ modifica-
tion to the undisturbed uni-directional velocity profile. The general condition
(21a) thus reduces, in the special case § ~ 0, to the requirement that both w{®
and w{® be either constant or linear functions of %, and x,. This will be the case
for all two-dimensional uni-directional flows, as well as such common three-

\ X

“(o)'l\ \

X2

FiGure 2. The co-ordinate axes relative to the undisturbed velocity vector
and the magnetic field vector.

dimensional situations as the flow through tubes of circular and elliptie eross-
section, and hence the modified velocity field will be of the same form as that of
a Newtonian fluid in these cases, provided only that # ~ 0. Asindicated by (22),
the evaluation of f(a, §) from (21 c) is equivalent to finding the effective viscosity
p*. For reference, we list (u#* — u)/uc for the circular and elliptic tube and for
two-dimensional Poiseuille flow in table 1, where, for convenience, we have
taken i;, i, to be coincident with the axes of symmetry of the undisturbed
velocity profiles. For the special case of two-dimensional Poiseuille flow with
the magnetic field vector H normal to the vorticity vector this result was
obtained previously by Hall & Busenberg (1969), while that for a circular tube
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oriented with its axis parallel or perpendicular to H was obtained by Brenner
(1970). The flow through an annulus of arbitrary cross-section is an example of
a class of problems in which the vorticity condition is not met, and hence,
though the velocity field remains uni-directional according to (20¢), the profile
will differ in form from that of a Newtonian fluid. This serves to emphasize that
it is only under quite special circumstances that the suspension will have a
Newtonian form of the velocity distribution.

Geometry (#* — p)[(po)
(1) OCircular tube £4+2(1—4cos?a)
(ii) Infinite parallel walls (two-dimensional
Poiseuille flow). Note: & = {7 corres-

51 34in2 2 in2
ponds to H being in the planeof shear #+§sin?all +cot?asin’ 4]

flow
x® o azh?
(iii) Elliptic tube (with surface ate= 1). 2+ 3sinfa+4cos?a (m)
Note: § = 3 corresponds to H being sin?d cos?d
coincident with the major semi- ( Be a® )
diameter a
TasrE 1

We note, as might be expected, that the class of uni-directional undisturbed
flows, for which the resultant velocity field is completely Newtonian (hence
satisfying Brenner’s condition (19) or equivalently our (20) and (21)), is demon-
strably smaller than that for which the motion simply remains uni-directional.
In practical terms, this distinction is quite important, since it implies that the
detailed analysis of the velocity and pressure fields is greatly simplified for
a significantly more general class of problems than one would have expected on
the basis of the condition (19). With regard to the latter cases, it is noteworthy
that the very suggestive result obtained by Brenner (1970), whereby an apparent
viscosity of u(1 +12¢) was found both for flow through a horizontal circular tube
(equivalent to & = 0) and for horizontal Stokes’ translation of a large sphere, is
not recovered for the flow through a tube of elliptic cross-section, nor would it
be expected, except by chance, in other more general flow configurations.

5. Flow of a suspension of magnetic spheres through a circular tube

The laminar flow through a circular tube provides a particularly simple and
interesting example, which illustrates many of the general properties outlined
in §4.

We employ cylindrical co-ordinates (p, ¢,z), as shown in figure 3, with the
z axis in the direction of the undisturbed uni-directional flow. Due to the in-
dependence of the tube geometry on ¢, the applied magnetic field H is charac-
terized by a single angle a. If we choose the (y, z) plane so that it contains H,
then we can write

H = H(cosasin @i, 4 cosa cos diy + sinad,).
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The applied pressure gradient along the pipe is supposed to be given, equal to
—P,ie.
ap
-5 =
and the velocity field to be fully developed. Then the ‘undisturbed’ velocity
field, u®, consists of simple Poiseuille flow,

(constant),

where we have non-dimensionalized with respect to the centreline velocity
w = (Pa?)[(4u*) and the tube radius. For simplicity, we have included the
Einstein contribution to the velocity profile in the zeroth sclution.

X

Ficure 3. The co-ordinate system for the flow through a circular cylinder.

Asnoted in §4, the O(c) equations for «’ and u{" are independent of u{". Hence,
we introduce the stream function ¥, defined by

1%, W
Cpop’ T o’
so that the governing equations (14 a,b), minus the Einstein term, become

U =

FTO 15T ] p©
Lfp — & T F 2
V;./f_3p[ 78 +p 7 T 3¢2], (23a)
ow 1eI'® 18
Ve, = R0, +3[__J’____ 1"(0)]_ 23b)
R A P s (

Here, for convenience, we have employed (u, v, w) to denote (u 0 Ugs Us)s and have
called (aw/v*) the Reynolds number, R. We shall solve these equations subject
to the boundary conditions,

oy
=
and boundedness, of the solutions at the centreline, p = 0.

=0, wy=0 at p=1, (23¢)
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5.1. The case f = O(H —0)

The simplest case to analyse occurs for # = 0, when m and H are coincident since
here we can replace m by H/H in the definition of (15). Hence,

I'® = psina cos a cos @i, + p cos? & cos ¢ sin pi, + p(cos® x cos? P — 1) i,
and the O(c) equations of motion (23 a, b) become
Vi = 0,
V2w, = 6(1 —}cos?a).
The solution of these equations satisfying the boundary conditions (23 ¢) is
=0,
w; = —§(1 —cos?a)(1l—p?).

Hence, as predicted by the general considerations of §4 there is no secondary
motion for any angle « when § = 0. In addition, the uni-directional velocity
profile remains parabolic to O(c), becoming

u, = [1—3c(l - cos?a)] (1 — p?)+ O(c?).

5.2. The case f small, a = 0.

The more general case where f is small, but non-zero, is somewhat more difficult
since M and H are not necessarily coincident. However, the solution is illustrative
of the resulting velocity fields when the anti-symmetric character of the stress
tensor (13) is manifested in both secondary motion and a modified profile shape
for the axial component.

Employing the definitions of (15)—(18), together with the relationship

COSY = COS X CO8 @ (24)

between the angles y and «, we can express m and hence I'® in terms of the
components in cylindrical co-ordinates, obtaining

TO = _ psin® g, + [p €08 Pgsin Pg(sin Ggsin a + cos O cos a sin ¢)] i,

(sin2 o + cos? sin? ¢b)}

p cos ¢g8in gg(cos Oy sina —sinOgcosasing)],
+ (sin2 o + cos2 x sin2 )} 2
The parameter S, defined in (18), which, in part, determines the angles ¢y and
Oy (see (17 a,b)) is conveniently expressed in terms of a new parameter / as

T

22MH\a)| o ~2 9"

so that f is characteristic of the system as a whole, being independent of the
detailed motion, and thus of spatial position.

Using the definition of I® above, it would clearly be possible at this point to
solve the equations of motion (23 a,b) numerically for arbitrary « and 4 < 1.
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However, for simplicity, we have instead elected to limit our investigation to the
special case where « = 0; that is, to the case where H is perpendicular to the
tube axis. The case « = {7 was essentially solved in §4, as well as by Brenner
(1970).
Setting o = 0, we note from (24) that y = ¢. Hence, from (17 a)
sin®gg = $(1+47%) — [J(1+ 22— f2sin? $t

and from this, together with the expression for I'® given above, we obtain
(MO, TP, T} = (30 cos ggsin ¢gcos Oy, — 10@sin? @, — o®sin g cos Pgsinbg).

Given these expressions for I'?, it is clearly a straightforward process to obtain
an expansion for w, and ¢, valid for § < 1.

Thus, on writing
V= BP0+ O+ s
and wy = w® + fwd + FwP + FBPwP+ ...,
we obtain, after some lengthy algebraic manipulation, the solution
¥ = 38" [sdso(6p" — 21p% + 15) + g5(2p” — 5p* + 3p?)sin 2¢
+555(207 — 305+ %) (sin 4¢ — § cos 46)] + O(5%),
wy = —H1 - p?) + B%FE(1 — p*) + $p%(1 — p?) cos 2¢]
+ 303 b5 R(Fp® — P+ 20t — Fep?) cos 20
+ o5 R(F5P° — 160 + doP° — 1hioP?) (cos 4 +  sin 49)]+ O(BY).

The streamlines of the flow in the transverse plane are plotted in figure 4.

In contrast to the cases in which £ = 0 or & = 1, this solution exhibits both
secondary motion and a non-parabolic axial profile. This result is significant in
that it offers analytic confirmation of the conjecture, based on the forms of
(14a,b), that the resultant velocity fields will generally be distinctly different
from those which would occur if the suspension behaved as a Newtonian fluid.

6. General results for spheroidal particles

In §4 and §5 we discussed the bulk motion of the suspension for the special
cage in which the particles are spherical. In that case, we were able to establish
the important conclusion that secondary flow never ocours when the strong-field
approximation is valid. It is of fundamental interest to know whether this be-
haviour is of general application, or whether it is, perhaps, a unique consequence
of the strong symmetry of spheres. In addition, it is of practical importance to
determine the influence of particle shape on such overall properties as the volume
flow-rate of the suspension for a given applied pressure gradient. Therefore, in
this section, we consider the bulk motion of a similar suspension of spheroidal
particles in the strong-field limit. For simplicity, we assume that the permanent
magnetic dipole of the particles is aligned along the axis of revolution. Com-
parison of the results with those obtained for spheres allows at least a limited
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assessment of the importance of particle shape in determining the nature of the
bulk motion of a suspension in which external particle couples are present.

We employ the equations of § 2, together with the strong-field definition of I'®,
H\H
r(o) = — %m(o) -+ {%m(o) . E} E . (25)
The physical interpretation of this definition is that the particle simply rotates
freely about its dipole axis, and that this axis is co-linear with the applied field
vector H for sufficiently strong magnetic fields. For convenience, we employ

FicUrEe 4. The streamline pattern for the secondary motion in the flow through a
circular cylinder. (The stream-function values have been multiplied by 842 x 104.)

a Cartesian co-ordinate system (see figure 5) with one axis aligned in the direction
of the undisturbed, uni-directional flow. The x, and «, axes will be temporarily
left unspecified. Owing to the symmetry of the spheroidal particles, the unit
vectors p, q and r may be expressed, relative to this co-ordinate system, simply
in terms of the polar angles § and ¢ of the axis of revolution of the particles as

P = (cos 8, sin d cos @, sin Osin @),
q = (—sin @, cos G cos @, cos Osin @), (26)

r = (0, —sin ¢, cos @).
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In the strong-field limit which we have assumed, the magnetic field vector is co-
linear with the particle dipole, which has itself been assumed to coincide with the
axis of revolution of the particle. Hence, 6 and ¢ define the orientation of the
applied field (H) relative to the (x,, z,, ;) co-ordinate system, and can thus be con-
sidered to be given in the specification of the problem in a particular situation.
This constitutes the major simplification which occurs because of the strong-
field approximation. Thus, (1), (2), (3), (4), (8), (9), (25) and (26), together with
the prescribed orientation of the applied magnetic field and the geometry of the
flow vessel, complete the specification of the problem for the O(c) modification
of the velocity field.

In order to determine the nature of the resultant flow field for arbitrary
uni-directional, fully developed, undisturbed flows (u®,p,) and for arbitrary
orientations of the applied magnetic field H, we first evaluate the appropriate
terms of ¢{” for the particular choice 6 = §7 and ¢ = «. To maintain sufficient
generality in the resultant equations, we leave the dynamical variables e® and
o®, which enter into the equations, unspecified, except to note that

0) 0 0 0 0 0)
e =eff =e = =eff =’ =0

for fully developed uni-directional flows (i.e. for u® = u{®(z,, x,)i;). When the
uni-directional undisturbed velocity profile (u{") is symmetric in z, and z, as,
for example, in the flow through vessels with circular symmetry, the orientation
of the magnetic field H can be completely specified by the single angle «, which
appears explicitly in the equations. In order to recover a particular orientation
of the magnetic field in the non-symmetric case, we simply imagine the flow
vessel to be rotated about the z; axis, hence effectively changing the function
u§(, x,) defining the undisturbed velocity profile. Therefore, by maintaining
the angle  in the analysis, and by carrying the ‘non-zero’ components of e® and
w©® through in symbolic form, we achieve a completely general representation
with a minimum of algebraic complexity. Thus, setting # = 7 and ¢ = «, and
combining (2)-(5), (25) and (26), we can re-express (9a,b) as

2ol 2ol sol® Pl
4, — _ -
vy [ ox3 +8x28x1 0x, 0, 0x% |’ (27)
op o dwy oY ow, 00" 004
2 — P ¥ TP YY “Yo) 31 32 97
and BV, 8x3+p (8952 ox; 0x,0xy ( Oxy + ox, )’ (278)
where
o) Bl Fold Fo) 0 (0 e\ Lo (@)
0x3  dx,0m, Ox,0x, Ok Oox \ dxy,  0x; ox, \ 023 )’
ooy® oo™ L Pwy ., 0%w,
[ de, Ty | =P o P (288)

Here, the O(1) and O(c) components % and «§" have been denoted by w,and w,,
respectively, and

A b2(b® — a?)
4= ”[ LT, (@4 5%, + 202,

] sin 2e,
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B s,u[g {?_%]_1_&_’_(21 1—{) coszoc}

Il 3 J2 IZ Iz Jz
(b2—a?)(a?+b2%) \ [(a®—b? .
* ((a2 +b2)2J, + 2a2b21,) \a? 4 b2 cos 20— 1) sin 2o,
D= o, | 08?2, sin’a 2b%sin? o
= L * I * (a%+b%)2J, + 2022,

_ 1(J - 2 cos2 2 a?—b? 2 (a® 4 b2)2 )]
B=p [TI(JJI)S‘“ S +(1+a2+b2c°52“) ((az+b2)2:72+2a2b212 '

The condition (11 @) that there be no secondary flow becomes

[azcr;s‘” Poy  Foyd %ﬁﬁ]

— - = 0. 29
ox3 ' Ox,0r, Ox,0x, O} (29)

In the absence of secondary flow, the condition (11b), that the resultant uni-

directional profile (w,+ cw) be of the same form as for a Newtonian fluid, becomes

ooyl ooy
[ o, " o J = #f (@ 0,0) Vi (30)

where, as before, V2w, = const. As in the case of spherical particles, the simul-
taneous satisfaction of these conditions leads directly to an expression,

mE—pn — fla,a,b) = D(%wy/0x?) + E 82100/3952
He #V2w,

(31)

for the effective viscosity. In the general case in which neither (29) nor (30) is
satisfied, the resultant velocity field will exhibit both secondary flow and a
modified profile shape for the axial component w, + cw,. The nature of the flow, in
a particular case, depends on the geometry of the flow vessel (i.e. onwy(z,, %,)), on
its orientation relative to the applied magnetic field (i.e. on a and the implicit
dependence of wg(x,, z,) on the orientation of the vessel about the x, axis), and,
finally, on the geometry of the particles (i.e. on a/b and hence also on I, I, J;, J;).

6.1. The existence of secondary flow

Although we expect secondary motion in the general case, the condition (29) is
satisfied in certain exceptional cases which we note here. First of all, when a = 0
ora = im, we have A = B = 0, and hence no secondary motion can occur to O{(c).
These two cases correspond to the applied magnetic field H (and hence the axis of
revolution of the particle), being perpendicular and parallel, respectively, to the
undisturbed velocity vector. When the coefficients A and B are not zero, then the
condition. (29), together with (28), leads to the conclusion that

K (3a)1(°)+3w2(°)) _ o, (8210 ) o,
o, \ 0%, = Oy oy \ 0
if secondary motion is not to occur. In particular, the undisturbed vorticity

distribution must depend linearly on z, and z,. As noted earlier, this condition is
actually satisfied for a fairly wide class of flow situations including the totality of
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two-dimensional undisturbed motions (i.e. v@ = #{(z, only)i,;). In the flow
through annuli of arbitrary cross-section, however, the undisturbed vorticity is
not linear in «, and z,, and hence, provided the various terms on. the right-hand
side of (27a) do not cancel, we would expect to observe secondary motion. This is
easily confirmed by detailed solutions for the limiting cases where the spheroids
either become slender ‘rods’ (a/b — o) or flat ‘disks’ (a/b — 0).

Before proceeding toa consideration of the nature of the O(c) modification tothe
undisturbed profile, it is worthwhile to contrast our conclusions for general
spheroids with those obtained in § 4 for spherical particles. Thus, we note that in
the strong-field limit with spherical particles, no secondary could occur for any
casein which the undisturbed velocity field was uni-directional and fully developed
as assumed, whereas for spheroidal particles the situation is less clear-cut with
the existence or absence of secondary motion being dependent on the geometry of
the flow vessel. Since, in all cases,

Ol = oo —$€ijk (Z:%bz) L,

it is clear, as stated in the introduction, that the qualitative contribution of the
anti-symmetric portion of bulk stress to the bulk velocity field is the same for
spheroids as for spheres. By this we mean that, if no secondary motion occurred
for spheres, then none would occur for spheroids either, unless caused by the
symmetric portions of the bulk stress. Indeed, the non-homogeneous contribution
to the right-hand side of (27a) in the circular annulus problem can be shown to
arise from the symmetric terms of ¢5?.

6.2. The form of the velocity profile for cases of no secondary flow

Inthis section we consider the application of (30) to determine the nature of the
resulting uni-directional velocity profile for the situations, described in § 6.1, in
which there is no secondary motion to O(c). When both (29) and (30) are satisfied,
the suspension can be treated, so far as the velocity field is concerned, as a New-
tonian fluid with an effective viscosity,

w* = (1 +cf(a,a,b)),
where f(2, a, b) has been defined in (31). Note that f(«, @, b) depends implicitly on
the rotational orientation of the apparatus relative to the x,, z, axes. Provided
that the undisturbed motion is fully developed, as we have assumed, we see from
(28b) and (30) that the velocity profile will have the same shape as that of a
Newtonian fluid, provided that 02w,/ox% and 0%w,/éx3 are individually constant,
or equivalently, that the undisturbed vorticity components w{( = dw,/oz,) and
w®(= — ow,/ox,) are linear in z, and x,, respectively. This condition is satisfied,
with one exception, whenever there is no secondary motion. The exceptional case
oceurs when a = 0, and o and w{® are not linear functions of z, and z,. An
example of such a situation is the flow through an annulus of arbitrary cross-
section with the magnetic field directed normal to the annulus axis. In this case,
no secondary flow occurs, but the resultant uni-directional velocity profile is
nevertheless not Newtonian. in form. The conclusion that the absence of secondary
flow is not a sufficient condition for a Newtonian-like velocity profile is not unlike
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that obtained for spheres. In both cases, a further condition on the form of the
undisturbed vorticity field is required to guarantee a completely Newtonian
form for the velocity distribution.

Hence, so far as the qualitative features of the bulk motion are concerned, the
primary new contribution, which results from the particles being non-spherical,
is that the strong-field approximation is no longer a sufficient condition for the
velocity field (to O(c)) to remain uni-directional. As pointed out previously, this
new feature is clearly a direct contribution of the symmetric terms of the particle
stress, since the form of the non-symmetric term is independent of particle shape.

Ficure 5. The particle orientation relative to the undisturbed velocity vector.

6.3. The effective viscosity when the velocity field is Newtonian

Of perhaps greater practical importance than this change in qualitative features
is the role of particle shape in establishing the important overall property which
governs the volume flow rate for a given imposed pressure gradient. When the
velocity profile remains Newtonian in form, this property is simply the effective
viscosity of the suspension. A partial investigation of the viscosity of suspensions
of rigidly held spheroids is reported by Chaffey & Mason (1965) based on calcula-
tions of the extra dissipation induced by the particles. However, this work is
limited to a consideration of some special orientations of the particles relative to
a simple, plane shear flow (the particle axis of revolution is assumed to be in the
plane of the shearing motion). We extend this work to a calculation of the effective
viscosity, for arbitrary orientation of the magnetic field (and hence of the particles)
and for all vessel geometries in which the velocity field remains completely
Newtonian in form. For simplicity, we treat only the limiting cases of slender
‘rods’ (a/b - o) and flat ‘disks’ (a/b — 0). We thus evaluate the function f(«,a,b)
(equation (29)) using the appropriate asymptotic forms of the integral functions
L, I,, J; and J,. We recall that, in addition to the explicit dependence of the
right-hand side of (31) on a, b and «, the expressions for 92w,/0x% and 6%w,/ox3 will
generally change value due to a rotation of the flow vessel about the u® axis.
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The exceptions to this implicit dependence occur when the undisturbed velocity
profile is circularly symmetric (as in the flow through a circular cylinder), and
hence unchanged by such rotations. We denote axes which are fixed in the flow
vessel by #, and Z,. Then the orientation of the vessel can be described in terms of
additional angle ¥ which measures the rotation of the %, axis from the z, axis, the
latter being fixed in space (cf. figure 6, in which the Z; system is shown superposed
on the x; system of figure 5). Hence,

w0 = ufZ,, T,) iy = w(T;, Ty) iy,

where &y = X, CO8Y +X,8iny, } (32)

Ty = — 2y 8iny+ 2,008,

Of course, an entirely equivalent geometrical description is obtained by con-
sidering Z,, Z, axes to be fixed in space with the orientation of the applied magnetic
field varying. Hence, the angles « and vy essentially specify the orientation of the
applied field H relative to the flow vessel which is now considered to be fixed in
space. For convenience, we denote

2 2 2
%‘;0 - a, ?azﬂgo - @, %‘—% ~ G, (G, = const.), (33)
this being consistent with the requirement (30). Combining (28), (31), (32), and
{33), we obtain the general expressions for the effective viscosity which we have
listed in table 2. These expressions, derived in the respective limits a/b — o0 and
a/b— 0, are valid for arbitrary orientations of the applied magnetic field and
general uni-directional undisturbed flows, provided that the resultant velocity
field remains Newtonian in form (hence, that conditions (29) and (30) are
satisfied).

We note that the expressions for u* simplify for two-dimensional undisturbed
flows, and also for the class of problems in which the undisturbed profile is
circularly symmetric. In the first case, the effective viscosity becomesindependent
of the details of the undisturbed profile, although not of the orientation of the
magnetic field relative to u®. This follows formally from the fact that G5, and one
of G, and G, can be made equal to zero (with no loss of generality). If ¢; = 0, for
example, then v measures the angle of the field vector H from the plane of the
two-dimensional motion. When the undisturbed profile is circularly symmetric,
G, = G, and G, = 0. Hence, as expected on physical grounds, the dependence of
the effective viscosity on y vanishes. Furthermore, the effective viscosity is
independent of the geometry of the flow vessel.

It will be noted that each of the expressions in table 2 is apparently singular for
the majority of particle orientations («,y). However, it is not entirely clear, at
first sight, what interpretation to attach to this result, since, if either of the limits
was taken with volume concentration ¢ held fixed, the formal expansion pro-
cedure represented by (7) would clearly become invalidated for sufficiently large
(or small) values of the axis ratio (a/b). In order for ¢ to be held fixed, however,
either the maximum linear dimension of each particle would have to be increased,
or else the number density of particles would have to be increased. In either case,
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TicurEe 6. The rotation of the co-ordinate system.

Geometry (p* — p)/(pe)

2 2 : L)
Slender rods afb> 1 2 [cos ¥G, 4+ 2siny cos yG, +sin 'sz:l

G+ G,
3(a/b)?
4log(a/b)

ol 3a? l:si.n2 vG, —2siny cos yG, + cos? Y0,
2b?log (a/b) G+ G,

+ [2 cos? 2a sin? 2 + (1 -+ cos 2a)?

8b 105 2yG, + 251 in2
Flat disks a/b <1 B0 (1422 ginza | x | YT 2SY 008Gy +sintyG,
3ma Tna G+ Gy

5b 8
+ [—~— sin? 2a 4+ cos? 20t + (1 — cos 2a)? —b]
3ma Tma

« |:si.n2 vG, —2siny cos yGy + cos? 'szjl
G+ 4,

TabBLE 2. Effective viscosity

the average interparticle separation in the suspension would decrease so that
eventually particle-particle interactions would become important and these have
been neglected throughout our investigation. The physical limiting process which
is entirely consistant with our theory is, instead, to let (a/b) — oo (or (a/b) — 0),
with both the maximum dimension ¢ (or b) and the number density of the
particles fixed. In these circumstances, volume concentration decreases pro-
portionally to (a/b)~2 (or a/b), and the expressions in table 2 remain bounded.
Nevertheless, when either (a/b) or (b/a) is large, the results of table 2 suggest that
relatively large changes in the effective viscosity may be achieved by changes in
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the orientation of the magnetic field, and it may be speculated that, in spite of the
inherent theoretical difficulties, this effect would be enhanced in magnitude by
moderate increases of the particle concentration. This in turn suggests the im-
portance of proper alignment of the external field in minimizing energy comsump-
tion in the transport of such suspensions. Alternatively, it may well be that the
variations in effective viscosity could be made large enough to enable the flow
rate to be controlled to a useful extent, say by a variable combination of orienta-
tion and strength of the applied magnetic field.

This work was carried out while the author was a visitor to the Department of
Applied Mathematics and Theoretical Physics of Cambridge University under
sponsorship of a National Science Foundation Postdoctoral Fellowship. Special
thanks are due to Professor G. K. Batchelor for his astute advice during the course
of this work, and for his role in stimulating the author’s interest in the general
subject of suspension mechanics.
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